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We derive an effective dual holographic Einstein-Maxwell theory, applying renormalization group
transformations to interacting Dirac fermions in a recursive way. In particular, we show how both
background metric tensor and U(1) gauge fields become dynamical to describe the renormalization
group flows of coupling functions and order parameter fields of the corresponding quantum field
theory through natural emergence of an extra-dimensional space, respectively. Finally, we propose
a prescription on how to calculate correlation functions in a non-perturbative way, where quantum
fluctuations of both metric and gauge fields are frozen to cause a classical field theory of the Einstein-
Maxwell type in the large N limit. Here, N is the flavor degeneracy of Dirac fermions. This
prescription turns out to coincide with that of the holographic duality conjecture.
PACS numbers:
I. INTRODUCTION
Quasiparticles are fundamental building blocks for the perturbative theoretical framework. Their existence is
allowed by sufficient number of emergent symmetries and protected from decaying into bunch of quasiparticle-
quasihole excitations as long as such emergent symmetries are preserved. However, strong correlations between
quasiparticles can arise through renormalization group flows. These effective interactions may give rise to
predominantly fast relaxation and result in local equilibrium through transferring their energies into each other
and mixing good quantum numbers between them. As a result, only minimal number of symmetries are
preserved and dynamics of these non-quasiparticle systems are described by remaining conserved currents such
as charge (particle number), momentum, and energy [1–4].
Recently, this effective hydrodynamics has been observed in the system of quasi two-dimensional Dirac
fermions [5–7]. More concretely, experiments measured typical hydrodynamic behaviors such as negative longi-
tudinal resistivity, violation of the Wiedemann-Franz law, and fluid viscosity, respectively, in the hydrodynamic
regime. In spite of these clear features on effective hydrodynamics, we would like to point out that the physical
origin has not been completely clarified. More precisely, it is not clear how the relaxation rate due to inelastic
collisions between electrons prevails over either that between electrons and phonons or the elastic scattering rate
between electrons and nonmagnetic impurities, responsible for such emergent hydrodynamic phenomena. One
has to investigate the renormalization group flows of these three time scales in a self-consistent way. However,
validity of the renormalization group analysis may be beyond the perturbative regime.
Besides possible phenomenological approaches for effective hydrodynamics, where transport coefficients are
taken to be fitting parameters for experiments [8], it is natural to consider the dual holographic approach
as a non-perturbative theoretical framework [9–15]. The holographic dual description gives rise to effective
hydrodynamic phenomena in D spacetime dimensions, formulated as an effective classical field theory on an
emergent curved spacetime in D + 1 dimensions and regarded to be dual to strongly coupled quantum field
theories in D spacetime dimensions. For example [16], solving the Maxwell equation coupled to the Einstein
equation, referred to as Einstein-Maxwell theory in the holographic duality conjecture, those classical solutions
describe not only diffusive dynamics in transverse modes but also sound dynamics in longitudinal modes as those
modes in the hydrodynamics [1–4]. In particular, the effective hydrodynamics in the holographic approach turns
out to give a universally small value of the η/s ratio, where η is shear viscosity and s is entropy [4]. One may
call this emergent fluid holographic liquid. This holographic-liquid description could explain the violation of
the Wiedemann-Franz law in graphene rather remarkably, which fits both electrical and thermal transport
coefficients near the charge-neutral point in the regime of intermediate temperatures based on two fitting
parameters [17].
In the present study, we propose how to derive the holographic-liquid dual description, more precisely, an
2effective Einstein-Maxwell theory from an effective quantum field theory of interacting Dirac fermions. We take
Wilsonian renormalization group transformations [18] recursively not in momentum space but in real space a la
Polchinski [19], further developed by Sung-Sik Lee in his emergent holographic construction [20–22]. In particu-
lar, we show that both background metric and U(1) electromagnetic gauge fields turn into dynamical quantum
objects through their evolutions in an emergent extra-dimensional space, where the infinitesimal distance in
the extra dimensional space is identified with an energy scale for renormalization group transformations. In
other words, global symmetries are uplifted into gauge symmetries through natural emergence of this extra
dimensional space. It turns out that quantum fluctuations of both metric and gauge fields are frozen to cause
a classical field theory of the Einstein-Maxwell type in the large N limit, where N is the flavor degeneracy
of Dirac fermions. Our derivation of the holographic dual effective field theory implies that effective Einstein
equations describe the renormalization group flows of coupling functions along the extra dimension in the cor-
responding quantum field theory [23–25]. On the other hand, we point out that effective Maxwell equations
describe the evolution of U(1) conserved currents along the extra dimension, which may be identified with the
Callan-Symanzik equation of an order parameter field in the dual description. Finally, we propose a prescription
on how to calculate correlation functions in a non-perturbative way [26], solving coupled differential equations
of the Einstein-Maxwell type theory with boundary conditions. This prescription coincides with that of the
dual holographic description [9–15].
II. EFFECTIVE GEOMETRIC DESCRIPTION FOR INTERACTING DIRAC FERMIONS
A. Interacting Dirac fermions in a background metric tensor and an external U(1) electromagnetic
gauge field
We consider dynamics of interacting Dirac fermions in a background metric tensor and an external U(1)
electromagnetic gauge field [27]
Z[φα, ABµ] =
∫
Dψα exp
[
−
∫
dDx
√
gB
{
ψ¯αγ
aeµBa
(
∂µ − iqABµ − i
4
ωa
′b′
Bµ σa′b′
)
ψα +mψ¯αψα
+
λχ
2N
(ψ¯αψα)(ψ¯βψβ) +
qλj
2N
gµνB (ψ¯αγae
a
Bµψα)(ψ¯βγbe
b
Bνψβ) + (φ¯αp
†
Bψα + ψ¯αpBφα)
}]
. (1)
Here, ψα is a Dirac spinor at x in D spacetime dimensions. α runs from 1 to N , denoting the flavor degeneracy
of Dirac fermions. γa is a Dirac γ matrix, defined in a local rest frame at x and satisfying the Clifford algebra
{γa, γb} = 2δab with the Euclidean signature. eµBa defines the local rest frame given by the tangent manifold at
x, called vierbein. The corresponding background metric is given by the vierbein as follows gBµν = e
a
Bµe
b
Bνδab.
ABµ is an external electromagnetic U(1) gauge field and q is a unit electromagnetic charge of ψα. ω
ab
Bµ =
eaBν∂µe
νb
B + e
a
BνΓ
ν
Bσµe
σb
B is a background spin connection and σab =
i
2 [γ
a, γb] is a commutator of Dirac gamma
matrixes in the local rest frame. Here, ΓνBσµ =
1
2g
Bνδ(∂σgBδµ + ∂µgBσδ − ∂δgBσµ) is the Christoffel symbol. m
represents a mass of Dirac fermions. λχ is the coupling constant of an effective interaction term for dynamical
mass generation [28] and λj is that of an effective interaction term between U(1) conserved currents. φα has
been introduced as a source field to help us calculate the Green’s function of these interacting Dirac fermions,
where pB is a matrix-valued coupling constant between the source field and the Dirac fermion field, which
satisfies γ0p†Bγ
0 = p†B given by hermiticity.
Performing the Hubbard-Stratonovich transformation for both effective interactions, we reformulate the above
expression as follows
Z[φα, ABµ] =
∫
DψαDϕ
(0)Da(0)µ De
µ(0)
a Dθ
a(0)
µ Dp
(0)Dq(0)
exp
[
−
∫
dDx
√
g(0)
{
ψ¯αγ
aeµ(0)a
(
∂µ − iqa(0)µ −
i
4
ωa
′b′(0)
µ σa′b′
)
ψα + (m− iϕ(0))ψ¯αψα
+(φ¯αp
(0)†ψα + ψ¯αp
(0)φα) +
N
2λχ
ϕ(0)2 +
Nq
2λj
gµν(0)(a(0)µ −ABµ)(a(0)ν −ABν)
−Nθa(0)µ (eµ(0)a − eµBa)−N [q(0)†(p(0) − pB) +H.c.]
}]
. (2)
3Here, e
µ(0)
a is a dynamically introduced vierbein field and its dual tensor field θ
a(0)
µ is a Lagrange multiplier field
to impose the constraint given by δ(e
µ(0)
a − eµBa). ϕ(0) is an order-parameter field dual to ψ¯αψα and a(0)µ is an
effective U(1) gauge field dual to ψ¯αγ
ae
µ(0)
a ψα. q
(0) is a Lagrange multiplier field to impose the constraint given
by δ(p(0) − pB).
B. Real space renormalization group transformation a la Polchinski
1. Renormalization group transformation for ϕ(0)
We perform a renormalization group transformation in real space a la Polchinski [19], further developed by
Sung-Sik Lee in his emergent holographic construction [20–22]. First, we consider the renormalization group
transformation for the order parameter field ϕ(0). We introduce an auxiliary order-parameter field σ(0) with its
mass N2λσ as follows
Z[φα, ABµ] =
∫
DψαDϕ
(0)Dσ(0)Da(0)µ De
µ(0)
a Dθ
a(0)
µ Dp
(0)Dq(0)
exp
[
−
∫
dDx
√
g(0)
{
ψ¯αγ
aeµ(0)a
(
∂µ − iqa(0)µ −
i
4
ωa
′b′(0)
µ σa′b′
)
ψα + (m− iϕ(0))ψ¯αψα
+(φ¯αp
(0)†ψα + ψ¯αp
(0)φα) +
N
2λχ
ϕ(0)2 +
N
2λσ
σ(0)2 +
Nq
2λj
gµν(0)(a(0)µ −ABµ)(a(0)ν −ABν)
−Nθa(0)µ (eµ(0)a − eµBa)−N [q(0)†(p(0) − pB) +H.c.]
}]
. (3)
We point out that the introduction of the auxiliary field σ(0) in this way does not alter the original physics at
all except for the normalization constant in the partition function, here omitted for simplicity.
To perform the renormalization group transformation, we separate these two original fields into their slow
and fast degrees of freedom in the following way
ϕ(0) =⇒ ϕ(0) +Φ(0), σ(0) =⇒ c(0)ϕ ϕ(0) + c(0)Φ Φ(0). (4)
Here, ϕ(0) and Φ(0) correspond to slow and fast degrees of freedom, respectively, which will be clarified below.
Two coefficients of c
(0)
ϕ and c
(0)
Φ are determined by the fact that possible cross terms in the following expression
N
2λχ
ϕ(0)2 +
N
2λσ
σ(0)2 =⇒ N
2
( 1
λχ
+
c
(0)2
ϕ
λσ
)
ϕ(0)2 +
N
2
( 1
λχ
+
c
(0)2
Φ
λσ
)
Φ(0)2 +N
( 1
λχ
+
c
(0)
ϕ c
(0)
Φ
λσ
)
ϕ(0)Φ(0) (5)
do not appear, given by
1
λχ
+
c
(0)
ϕ c
(0)
Φ
λσ
= 0. (6)
As a result, we obtain
c(0)ϕ =
λ−1χ
µ
(0)
ϕ λ
−1/2
σ
, c
(0)
Φ = −
µ
(0)
ϕ
λ
−1/2
σ
. (7)
Here, µ
(0)
ϕ is the effective mass of high-energy quantum fluctuations, given by
µ(0)ϕ =
λ
−1/2
χ√
e2β(0)dz − 1
, (8)
4where β(0) represents the local speed of coarse graining, which corresponds to the lapse function in the so called
ADM Hamiltonian-gravity formulation [29]. dz is an infinitesimal parameter, which controls the path integral
for heavy order-parameter fields. The resulting mass terms are
N
2λχ
ϕ(0)2 +
N
2λσ
σ(0)2 =
N
2λχ
e2β
(0)dzϕ(0)2 +
N
2λχ
e2β
(0)dz
e2β(0)dz − 1Φ
(0)2, (9)
which identifies ϕ(0) and Φ(0) with low-energy and high-energy quantum fluctuations, respectively. Rescaling
both order-parameter fields as
ϕ(0) =⇒ e−β(0)dzϕ(0), Φ(0) =⇒ e−β(0)dzΦ(0), (10)
which returns the mass term of low-energy order-parameter fluctuations to its original expression, we obtain
Z[φα, ABµ] =
∫
DψαDϕ
(0)DΦ(0)Da(0)µ De
µ(0)
a Dθ
a(0)
µ Dp
(0)Dq(0)
exp
[
−
∫
dDx
√
g(0)
{
ψ¯αγ
aeµ(0)a
(
∂µ − iqa(0)µ −
i
4
ωa
′b′(0)
µ σa′b′
)
ψα + (m− ie−β
(0)dzϕ(0) − ie−β(0)dzΦ(0))ψ¯αψα
+(φ¯αp
(0)†ψα + ψ¯αp
(0)φα) +
N
2λχ
ϕ(0)2 +
N
2λχ
1
e2β(0)dz − 1Φ
(0)2 +
Nq
2λj
gµν(0)(a(0)µ −ABµ)(a(0)ν −ABν)
−Nθa(0)µ (eµ(0)a − eµBa)−N [q(0)†(p(0) − pB) +H.c.]
}]
. (11)
Performing the path integral
∫
DΦ(0), we do the renormalization group transformation for the order-parameter
field ϕ(0) and find
Z[φα, ABµ] =
∫
DψαDϕ
(0)Da(0)µ De
µ(0)
a Dθ
a(0)
µ Dp
(0)Dq(0) exp
[
− 1
2
trxx′ ln
N
2λχ
√
g(0)
e2β(0)dz − 1
−
∫
dDx
√
g(0)
{
ψ¯αγ
aeµ(0)a
(
∂µ − iqa(0)µ −
i
4
ωa
′b′(0)
µ σa′b′
)
ψα + (m− ie−β
(0)dzϕ(0))ψ¯αψα
+(φ¯αp
(0)†ψα + ψ¯αp
(0)φα) +
N
2λχ
ϕ(0)2 +
λχ
2N
(1− e−2β(0)dz)(ψ¯αψα)(ψ¯βψβ) + Nq
2λj
gµν(0)(a(0)µ −ABµ)(a(0)ν −ABν)
−Nθa(0)µ (eµ(0)a − eµBa)−N [q(0)†(p(0) − pB) +H.c.]
}]
, (12)
where effective interactions
λχ
2N (1−e−2β
(0)dz)(ψ¯αψα)(ψ¯βψβ) are newly generated after the renormalization group
transformation for ϕ(0). Here, an idea is to take into account these effective interactions in a recursive way. We
perform the Hubbard-Stratonovich transformation for this effective interaction term and obtain the following
recursive expression of the partition function for the order-parameter field
Z[φα, ABµ] =
∫
DψαDϕ
(0)Dϕ(1)Da(0)µ De
µ(0)
a Dθ
a(0)
µ Dp
(0)Dq(0) exp
[
− 1
2
trxx′ ln
N
2λχ
√
g(0)
e2β(0)dz − 1
−
∫
dDx
√
g(0)
{
ψ¯αγ
aeµ(0)a
(
∂µ − iqa(0)µ −
i
4
ωa
′b′(0)
µ σa′b′
)
ψα + (m− ie−β
(0)dzϕ(1))ψ¯αψα
+(φ¯αp
(0)†ψα + ψ¯αp
(0)φα) +
N
2λχ
ϕ(0)2 +
N
2λχ
1
e2β(0)dz − 1(ϕ
(1) − ϕ(0))2 + Nq
2λj
gµν(0)(a(0)µ −ABµ)(a(0)ν −ABν)
−Nθa(0)µ (eµ(0)a − eµBa)−N [q(0)†(p(0) − pB) +H.c.]
}]
, (13)
where the order-parameter field ϕ(1) has been shifted as
ϕ(1) =⇒ ϕ(1) − ϕ(0). (14)
The recursive expression means that repeating the renormalization group transformation for ϕ(1) instead of
ϕ(0) as the second iteration procedure gives rise to the recursive formula for the effective action, which will be
clarified below.
52. Renormalization group transformation for a
(0)
µ
Second, we perform the renormalization group transformation for quantum fluctuations of U(1) gauge fields.
We introduce an auxiliary U(1) gauge field A
(0)
µ in the following way
Z[φα, ABµ] =
∫
DψαDϕ
(0)Dϕ(1)Da(0)µ DA
(0)
µ De
µ(0)
a Dθ
a(0)
µ Dp
(0)Dq(0) exp
[
− 1
2
trxx′ ln
N
2λχ
√
g(0)
e2β(0)dz − 1
−
∫
dDx
√
g(0)
{
ψ¯αγ
aeµ(0)a
(
∂µ − iq[a(0)µ +ABµ]−
i
4
ωa
′b′(0)
µ σa′b′
)
ψα + (m− ie−β
(0)dzϕ(1))ψ¯αψα
+(φ¯αp
(0)†ψα + ψ¯αp
(0)φα) +
N
2λχ
ϕ(0)2 +
N
2λχ
1
e2β(0)dz − 1(ϕ
(1) − ϕ(0))2 + Nq
2λj
gµν(0)a(0)µ a
(0)
ν +
Nq
2λA
gµν(0)A(0)µ A
(0)
ν
−Nθa(0)µ (eµ(0)a − eµBa)−N [q(0)†(p(0) − pB) +H.c.]
}]
, (15)
where a
(0)
µ =⇒ a(0)µ +ABµ has been done. Again, we also mention that this introduction of auxiliary U(1) gauge
fields does not change the partition function except for the normalization constant, omitted for simplicity.
Separating two U(1) gauge fields into their slow and fast degrees of freedom in the following way
a(0)µ =⇒ a(0)µ +A(0)µ , A(0)µ =⇒ c(0)a a(0)µ + c(0)A A(0)µ , (16)
we rewrite the two Gaussian-fluctuation terms of U(1) gauge fields as
Nq
2λj
gµν(0)a(0)µ a
(0)
ν +
Nq
2λA
gµν(0)A(0)µ A
(0)
ν =
Nq
2λj
e2δ
(0)dzgµν(0)a(0)µ a
(0)
ν +
Nq
2λj
e2δ
(0)dz
e2δ(0)dz − 1g
µν(0)A(0)µ A(0)ν , (17)
where two coefficients are given by
c(0)a =
λ−1j
µ
(0)
a λ
−1/2
A
, c
(0)
A = −
µ
(0)
a
λ
−1/2
A
, (18)
which makes possible cross terms vanish as shown in the previous section. µ
(0)
a is an effective mass parameter,
given by
µ(0)a =
λ
−1/2
j√
e2δ(0)dz − 1
(19)
and introduced for the renormalization group transformation. δ(0) is the local speed of coarse graining with an
infinitesimal parameter dz for the renormalization group transformation in U(1) gauge fluctuations. Rescaling
both low-energy and high-energy quantum fluctuations of U(1) gauge fields as
a(0)µ =⇒ e−δ
(0)dza(0)µ , A(0)µ =⇒ e−δ
(0)dzA(0)µ , (20)
which returns the mass term of slow fluctuations of U(1) gauge fields to its original expression, we obtain
Z[φα, ABµ] =
∫
DψαDϕ
(0)Dϕ(1)Da(0)µ DA(0)µ Deµ(0)a Dθa(0)µ Dp(0)Dq(0) exp
[
− 1
2
trxx′ ln
N
2λχ
√
g(0)
e2β(0)dz − 1
−
∫
dDx
√
g(0)
{
ψ¯αγ
aeµ(0)a
(
∂µ − iq[e−δ
(0)dza(0)µ +ABµ + e
−δ(0)dzA(0)µ ]−
i
4
ωa
′b′(0)
µ σa′b′
)
ψα
+(m− ie−β(0)dzϕ(1))ψ¯αψα + (φ¯αp(0)†ψα + ψ¯αp(0)φα) + N
2λχ
ϕ(0)2 +
N
2λχ
1
e2β(0)dz − 1(ϕ
(1) − ϕ(0))2
+
Nq
2λj
gµν(0)a(0)µ a
(0)
ν +
Nq
2λj
1
e2δ(0)dz − 1g
µν(0)A(0)µ A(0)ν −Nθa(0)µ (eµ(0)a − eµBa)−N [q(0)†(p(0) − pB) +H.c.]
}]
.
(21)
6It is straightforward to perform the Gaussian integral for such high-energy quantum fluctuations of U(1)
gauge fields, given by
Z[φα, ABµ] =
∫
DψαDϕ
(0)Dϕ(1)Da(0)µ De
µ(0)
a Dθ
a(0)
µ Dp
(0)Dq(0)
exp
[
− 1
2
trxx′ ln
N
2λχ
√
g(0)
e2β(0)dz − 1 −
1
2
trxx′ ln
Nq
2λj
√
g(0)
e2δ(0)dz − 1g
µν(0)
−
∫
dDx
√
g(0)
{
ψ¯αγ
aeµ(0)a
(
∂µ − iq[e−δ
(0)dza(0)µ +ABµ]−
i
4
ωa
′b′(0)
µ σa′b′
)
ψα + (m− ie−β
(0)dzϕ(1))ψ¯αψα
+(φ¯αp
(0)†ψα + ψ¯αp
(0)φα) +
N
2λχ
ϕ(0)2 +
N
2λχ
1
e2β(0)dz − 1(ϕ
(1) − ϕ(0))2 + Nq
2λj
gµν(0)a(0)µ a
(0)
ν
+
qλj
2N
(1− e−2δ(0)dz)gµν(0)(ψ¯αγaea(0)µ ψα)(ψ¯βγbeb(0)ν ψβ)−Nθa(0)µ (eµ(0)a − eµBa)−N [q(0)†(p(0) − pB) +H.c.]
}]
.
(22)
Again, effective current-current interactions
qλj
2N (1 − e−2δ
(0)dz)gµν(0)(ψ¯αγae
a(0)
µ ψα)(ψ¯βγbe
b(0)
ν ψβ) are also newly
generated. Performing the Hubbard-Stratonovich transformation for this effective current-interaction term, we
obtain the following recursive expression of the partition function
Z[φα, ABµ] =
∫
DψαDϕ
(0)Dϕ(1)Da(0)µ Da˜
(1)
µ De
µ(0)
a Dθ
a(0)
µ Dp
(0)Dq(0)
exp
[
− 1
2
trxx′ ln
N
2λχ
√
g(0)
e2β(0)dz − 1 −
1
2
trxx′ ln
Nq
2λj
√
g(0)
e2δ(0)dz − 1g
µν(0)
−
∫
dDx
√
g(0)
{
ψ¯αγ
aeµ(0)a
(
∂µ − iqe−δ
(0)dza˜(1)µ −
i
4
ωa
′b′(0)
µ σa′b′
)
ψα + (m− ie−β
(0)dzϕ(1))ψ¯αψα
+(φ¯αp
(0)†ψα + ψ¯αp
(0)φα) +
N
2λχ
ϕ(0)2 +
N
2λχ
1
e2β(0)dz − 1(ϕ
(1) − ϕ(0))2
+
Nq
2λj
gµν(0)(a(0)µ − eδ
(0)dzABµ)(a
(0)
ν − eδ
(0)dzABν) +
Nq
2λj
1
e2δ(0)dz − 1g
µν(0)(a˜(1)µ − a(0)µ )(a˜(1)ν − a(0)ν )
−Nθa(0)µ (eµ(0)a − eµBa)−N [q(0)†(p(0) − pB) +H.c.]
}]
, (23)
where
a˜(1)µ =⇒ a˜(1)µ − a(0)µ (24)
has been taken into account together with a
(0)
µ =⇒ a(0)µ − eδ(0)dzABµ. The second iteration step for U(1) gauge
fluctuations is to perform the renormalization group transformation for a˜
(1)
µ instead of that for a
(0)
µ .
73. Renormalization group transformation for ψα
Third, we perform the renormalization group transformation for Dirac fermions. We introduce an auxiliary
Dirac spinor Φα with its mass M as follows
Z[φα, ABµ] =
∫
DψαDΦαDϕ
(0)Dϕ(1)Da(0)µ Da˜
(1)
µ De
µ(0)
a Dθ
a(0)
µ Dp
(0)Dq(0)
exp
[
−
∫
dDx
√
g(0)
{
ψ¯αγ
aeµ(0)a
(
∂µ − iqe−δ
(0)dza˜(1)µ −
i
4
ωa
′b′(0)
µ σa′b′
)
ψα + (m− ie−β
(0)dzϕ(1))ψ¯αψα +M Φ¯αΦα
+(φ¯αp
(0)†ψα + ψ¯αp
(0)φα) +
N
2λχ
ϕ(0)2 +
N
2λχ
1
e2β(0)dz − 1(ϕ
(1) − ϕ(0))2
+
Nq
2λj
gµν(0)(a(0)µ − eδ
(0)dzABµ)(a
(0)
ν − eδ
(0)dzABν) +
Nq
2λj
1
e2δ(0)dz − 1g
µν(0)(a˜(1)µ − a(0)µ )(a˜(1)ν − a(0)ν )
−Nθa(0)µ (eµ(0)a − eµBa)−N [q(0)†(p(0) − pB) +H.c.]
}]
, (25)
where sub-leading constant terms of 12 trxx′ ln
N
2λχ
√
g(0)
e2β
(0)dz−1
+ 12 trxx′ ln
Nq
2λj
√
g(0)
e2δ
(0)dz−1
gµν(0) in the previous partition
function have been neglected in the large N limit. We emphasize that the introduction of the auxiliary Dirac
spinor in this way does not alter the original physics at all except for the normalization constant in the partition
function, here omitted for simplicity.
Now, we decompose these Dirac spinor fields in the following way
ψα =⇒ ψα +Ψα, Φα =⇒ c(0)ψ ψα + c(0)Ψ Ψα (26)
ψα is a Dirac spinor field with a light mass and Ψα is that with a heavy mass. Two positive coefficients of c
(0)
ψ
and c
(0)
Ψ are determined by the fact that all mixing terms between ψα and Ψα do not appear in the two mass
terms, given by
(m− ie−β(0)dzϕ(1))ψ¯αψα +M Φ¯αΦα
=⇒ (m− ie−β(0)dzϕ(1) +Mc(0)2ψ )ψ¯αψα + (m− ie−β
(0)dzϕ(1) +Mc
(0)2
Ψ )Φ¯αΦα
+(m− ie−β(0)dzϕ(1) +Mc(0)ψ c(0)Ψ )(ψ¯αΨα + Ψ¯αψα). (27)
In other words, m− ie−β(0)dzϕ(1) +Mc(0)ψ c(0)Ψ = 0 gives rise to
c
(0)
ψ =
m− ie−β(0)dzϕ(1)
µ
(0)1/2
ψ M
1/2
, c
(0)
Ψ = −
µ
(0)1/2
ψ
M1/2
. (28)
Here, the heavy mass µ
(0)
ψ is given by
µ
(0)1/2
ψ =
(m− ie−β(0)dzϕ(1))1/2√
e2α(0)dz − 1
, (29)
where dz is an infinitesimal parameter and α(0) is the local speed of coarse graining, both of which control the
path integral for heavy Dirac spinor fields. Then, we rewrite the mass terms with light and heavy Dirac spinor
fields as
(m− ie−β(0)dzϕ(1))ψ¯αψα +M Φ¯αΦα
= e2α
(0)dz(m− ie−β(0)dzϕ(1))ψ¯αψα + e
2α(0)dz
e2α(0)dz − 1(m− ie
−β(0)dzϕ(1))Ψ¯αΨα. (30)
8Taking rescaling of both Dirac spinor fields as
ψα =⇒ e−α
(0)dzψα, Ψα =⇒ e−α
(0)dzΨα, (31)
which returns the mass term of light Dirac spinor fields into the original expression, we finish our setup for the
renormalization group transformation of ψα, given by
Z[φα, ABµ] =
∫
DψαDΨαDϕ
(0)Dϕ(1)Da(0)µ Da˜
(1)
µ De
µ(0)
a Dθ
a(0)
µ Dp
(0)Dq(0)
exp
[
−
∫
dDx
√
g(0)
{
e−2α
(0)dzψ¯αγ
aeµ(0)a
(
∂µ − iqe−δ
(0)dza˜(1)µ −
i
4
ωa
′b′(0)
µ σa′b′
)
ψα
+(m− ie−β(0)dzϕ(1))ψ¯αψα + e−α
(0)dz(φ¯αp
(0)†ψα + ψ¯αp
(0)φα)
+e−2α
(0)dzΨ¯αγ
aeµ(0)a
(
∂µ − iqe−δ
(0)dza˜(1)µ −
i
4
ωa
′b′(0)
µ σa′b′
)
Ψα +
(m− ie−β(0)dzϕ(1))
e2α(0)dz − 1 Ψ¯αΨα
+e−2α
(0)dz
{
ψ¯αγ
aeµ(0)a
(
∂µ − iqe−δ
(0)dza˜(1)µ −
i
4
ωa
′b′(0)
µ σa′b′
)
+ eα
(0)dzφ¯αp
(0)†
}
Ψα
+e−2α
(0)dzΨ¯α
{
γaeµ(0)a
(
∂µ − iqe−δ
(0)dza˜(1)µ −
i
4
ωa
′b′(0)
µ σa′b′
)
ψα + e
α(0)dzp(0)φα
}
+
N
2λχ
ϕ(0)2 +
N
2λχ
1
e2β(0)dz − 1(ϕ
(1) − ϕ(0))2
+
Nq
2λj
gµν(0)
(
a(0)µ +
i
q
eδ
(0)dzdz∂µα
(0) − eδ(0)dzABµ
)(
a(0)ν +
i
q
eδ
(0)dzdz∂να
(0) − eδ(0)dzABν
)
+
Nq
2λj
1
e2δ(0)dz − 1g
µν(0)(a˜(1)µ − a(0)µ )(a˜(1)ν − a(0)ν )−Nθa(0)µ (eµ(0)a − eµBa)−N [q(0)†(p(0) − pB) +H.c.]
}]
.(32)
Here, we introduced the gauge transformation as
a(0)µ =⇒ a(0)µ +
i
q
eδ
(0)dzdz∂µα
(0) (33)
into the above partition function.
It is also straightforward to perform the Gaussian path integral
∫
DΨα for high-energy quantum fluctuations
of Dirac spinor fields. As a result, we obtain
Z[φαx, ABµx] =
∫
DψαxDϕ
(0)
x Dϕ
(1)
x Da
(0)
µxDa˜
(1)
µxDe
µ(0)
ax Dθ
a(0)
µx Dp
(0)
x Dq
(0)
x
exp
[
Ntrxx′ ln
√
g
(0)
x e
−2α(0)x dz
{
γaeµ(0)ax
(
∂µ − iqe−δ
(0)
x dza˜(1)µx −
i
4
ωa
′b′(0)
µx σa′b′
)
+
e2α
(0)
x dz
e2α
(0)
x dz − 1
(m− ie−β(0)x dzϕ(1)x )
}
−
∫
dDx
√
g
(0)
x
{
e−2α
(0)
x dzψ¯αxγ
aeµ(0)ax
(
∂µ − iqe−δ
(0)
x dza˜(1)µx −
i
4
ωa
′b′(0)
µx σa′b′
)
ψαx + (m− ie−β
(0)
x dzϕ(1)x )ψ¯αxψαx
+e−α
(0)
x dz(φ¯αxp
(0)†
x ψαx + ψ¯αxp
(0)
x φαx)−
∫
dDx′
√
g
(0)
x′ e
−2α(0)x dz
[{
ψ¯αxγ
ceµ(0)cx
(
∂µ − iqe−δ
(0)
x dza˜(1)µx −
i
4
ωc
′d′(0)
µx σc′d′
)
+eα
(0)
x dzφ¯αxp
(0)†
x
}
G
(0)
xx′ [e
ν(0)
ax , a˜
(1)
νx , ϕ
(1)
x ]
][
e−2α
(0)
x′
dzγfe
µ′(0)
fx′
{(
∂µ′ − iqe−δ
(0)
x′
dza˜
(1)
µ′x′ −
i
4
ω
f ′g′(0)
µ′x′ σf ′g′
)
ψαx′
+eα
(0)
x′
dzp
(0)
x′ φαx′
}]
+
N
2λχ
ϕ(0)2x +
N
2λχ
1
e2β
(0)
x dz − 1
(ϕ(1)x − ϕ(0)x )2
+
Nq
2λj
gµν(0)x
(
a(0)µx +
i
q
eδ
(0)
x dzdz∂µα
(0)
x − eδ
(0)
x dzABµx
)(
a(0)νx +
i
q
eδ
(0)
x dzdz∂να
(0)
x − eδ
(0)
x dzABνx
)
+
Nq
2λj
1
e2δ
(0)
x dz − 1
gµν(0)x (a˜
(1)
µx − a(0)µx )(a˜(1)νx − a(0)νx )−Nθa(0)µx (eµ(0)ax − eµBax)−N [q(0)†x (p(0)x − pBx) +H.c.]
}]
. (34)
9Although this expression is lengthy, it is easy to figure out how two terms are newly generated in this renor-
malization group transformation. The first newly generated term
Ntrxx′ ln
√
g
(0)
x e
−2α(0)x dz
{
γaeµ(0)ax
(
∂µ − iqe−δ
(0)
x dza˜(1)µx −
i
4
ωa
′b′(0)
µx σa′b′
)
+
e2α
(0)
x dz
e2α
(0)
x dz − 1
(m− ie−β(0)x dzϕ(1)x )
}
results from − ln ∫ DΨα e−SΨΨ , where the effective action is
SΨΨ ≡
∫
dDx
√
g(0)
{
e−2α
(0)dzΨ¯αγ
aeµ(0)a
(
∂µ − iqe−δ
(0)dza˜(1)µ −
i
4
ωa
′b′(0)
µ σa′b′
)
Ψα +
(m− ie−β(0)dzϕ(1))
e2α(0)dz − 1 Ψ¯αΨα
}
.
This is nothing but the vacuum-fluctuation energy at zero temperature. The second newly generated term∫
dDx
√
g
(0)
x
∫
dDx′
√
g
(0)
x′ e
−2α(0)x dz
[{
ψ¯αxγ
ceµ(0)cx
(
∂µ − iqe−δ
(0)
x dza˜(1)µx −
i
4
ωc
′d′(0)
µx σc′d′
)
+eα
(0)
x dzφ¯αxp
(0)†
x
}
G
(0)
xx′ [e
ν(0)
ax , a˜
(1)
νx , ϕ
(1)
x ]
][
e−2α
(0)
x′
dzγfe
µ′(0)
fx′
{(
∂µ′ − iqe−δ
(0)
x′
dza˜
(1)
µ′x′ −
i
4
ω
f ′g′(0)
µ′x′ σf ′g′
)
ψαx′
+eα
(0)
x′
dzp
(0)
x′ φαx′
}]
is given by〈
exp
(
−
∫
dDx
√
g(0)
[
e−2α
(0)dz
{
ψ¯αγ
aeµ(0)a
(
∂µ − iqe−δ
(0)dza˜(1)µ −
i
4
ωa
′b′(0)
µ σa′b′
)
+ eα
(0)dzφ¯αp
(0)†
}
Ψα
+e−2α
(0)dzΨ¯α
{
γaeµ(0)a
(
∂µ − iqe−δ
(0)dza˜(1)µ −
i
4
ωa
′b′(0)
µ σa′b′
)
ψα + e
α(0)dzp(0)φα
}])〉
ΨΨ
,
where
〈
OΨ
〉
ΨΨ
≡ 1ZΨΨ
∫
DΨα OΨ e−SΨΨ with ZΨΨ =
∫
DΨα e
−SΨΨ . Here, G
(0)
xx′ [e
ν(0)
ax , a˜
(1)
νx , ϕ
(1)
x ] is the Green’s
function of the heavy Dirac-spinor field, given by
{
e−2α
(0)
x dzγaeν(0)ax
(
∂ν − iqe−δ
(0)
x dza˜(1)νx −
i
4
ωa
′b′(0)
νx σa′b′
)
+
(m− ie−β(0)x dzϕ(1)x )
e2α
(0)
x dz − 1
}
G
(0)
xx′ [e
ν(0)
ax , a˜
(1)
νx , ϕ
(1)
x ]
=
1√
g
(0)
x
δ(D)(x − x′). (35)
We point out that this correction is nonlocal in nature, clarified in the subscripts x and x′. However, the
heavy-mass nature given by ∼ (2α(0)x dz)−1 allows us to perform the gradient expansion, where the propagator
is exponentially decaying. Below, we revisit this issue for renormalization of the kinetic-energy term.
To simplify further calculations, we choose the local speed of coarse graining as follows
∂µα
(0)
x = 0, ∂µβ
(0)
x = 0, ∂µδ
(0)
x = 0. (36)
Physically, this gauge choice implies that all the renormalization group transformations are performed with the
same rate independent of spacetime. This gauge fixing leads us to lose general covariance. It turns out that this
component plays the role of gDD in the emergent gravity description [20–22], which corresponds to the metric
tensor of this emergent extra-dimensional space.
Now, we perform the gradient expansion in Ntrxx′ ln
√
g
(0)
x e−2α
(0)dz
{
γae
µ(0)
ax
(
∂µ − iqe−δ(0)dza˜(1)µx −
i
4ω
a′b′(0)
µx σa′b′
)
+ e
2α(0)dz
e2α
(0)dz−1
(m − ie−β(0)dzϕ(1)x )
}
for the background metric, U(1) gauge fields, and order pa-
rameter fields with respect to the uniform mass m [30, 31]. Keeping all possible terms of the above partition
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function up to the linear order in dz, we obtain the following expression of the partition function
Z[φαx, ABµx] =
∫
DψαxDϕ
(0)
x Dϕ
(1)
x Da
(0)
µxDa˜
(1)
µxDe
µ(0)
ax Dθ
a(0)
µx Dp
(0)
x Dq
(0)
x
exp
[
−
∫
dDx
√
g
(0)
x
{
ψ¯αxγ
aeµ(0)ax
(
∂µ − iqa˜(1)µx −
i
4
ωa
′b′(0)
µx σa′b′
)
ψαx + (m− iϕ(1)x )ψ¯αxψαx
+(φ¯αxp
(0)†
x ψαx + ψ¯αxp
(0)
x φαx)−
∫
dDx′
√
g
(0)
x′
[{
ψ¯αxγ
ceµ(0)cx
(
∂µ − iqa˜(1)µx −
i
4
ωc
′d′(0)
µx σc′d′
)
+φ¯αxp
(0)†
x
}
G
(0)
xx′ [e
ν(0)
ax , a˜
(1)
νx , ϕ
(1)
x ]
][
γfe
µ′(0)
fx′
{(
∂µ′ − iqa˜(1)µ′x′ −
i
4
ω
f ′g′(0)
µ′x′ σf ′g′
)
ψαx′ + p
(0)
x′ φαx′
}]
+
N
2λχ
ϕ(0)2x +
Nq
2λj
gµν(0)x (a
(0)
µx −ABµx)(a(0)νx −ABνx)−Nθa(0)µx (eµ(0)ax − eµBax)−N [q(0)†x (p(0)x − pBx) +H.c.]
+2β(0)dz
N
2λχ
(ϕ(1)x − ϕ(0)x
2β(0)dz
)2
+ 2δ(0)dz
Nq
2λj
gµν(0)x
( a˜(1)µx − a(0)µx
2δ(0)dz
)( a˜(1)νx − a(0)νx
2δ(0)dz
)
+2α(0)dzN
(Cϕ
2
gµν(0)x (∂µϕ
(1)
x )(∂νϕ
(1)
x ) + CξR(0)x ϕ(1)2x + CmixF˜µν(1)x (∂µϕ(1)x )(∂νϕ(1)x ) + CF F˜ (1)µνxF˜µν(1)x
−CΛ + CRR(0)x
)}]
, (37)
where the last line with 2α(0)dz has been generated. Here, CΛ = 12α(0)dz ln
(
m
√
g
(0)
x
2α(0)dz
)
denotes vacuum energy,
identified with a cosmological constant. R
(0)
x is Ricci scalar to give the kinetic energy for the metric tensor and
CR is a positive constant. −CΛ + CRRx is nothing but the Einstein-Hilbert action in D spacetime dimensions,
known to be the notion of induced gravity [30, 31]. F˜
(1)
µνxF˜
µν(1)
x is the Maxwell action for the U(1) gauge field a˜
(1)
µx
and CF is a positive constant. The kinetic-energy term for order-parameter fluctuations ϕ(1)x is generated from
vacuum fluctuations, where Cϕ is the stiffness parameter. There also appear coupling terms between the scalar
curvature and the density of order-parameter fields and between the field strength tensor of U(1) gauge fields
and the kinetic energy tensor of order-parameter fields with their positive coefficients Cξ and Cmix, respectively.
All the coefficients of CR, CF , Cϕ, Cξ, and Cmix decrease as the bare mass m of Dirac spinor fields increases.
There may exist possible anomaly terms involved with gravitational curvature, electromagnetic field strength,
and their mixing, respectively. Here, we do not consider such anomaly terms. The Green’s function of the heavy
Dirac spinor is given by
{
γaeν(0)ax
(
∂ν − iqa˜(1)νx −
i
4
ωa
′b′(0)
νx σa′b′
)
+
1
2α(0)dz
(m− iϕ(1)x )
}
G
(0)
xx′ [e
ν(0)
ax , a˜
(1)
νx , ϕ
(1)
x ] =
1√
g
(0)
x
δ(D)(x− x′).
(38)
This partition function is the result of the first renormalization group transformation.
C. Recursive renormalization group transformations
1. Locality approximation for the Green’s function
To implement the second renormalization group transformation with respect to ϕ(1), a˜
(1)
µ , and ψα, it is
necessary to rewrite the effective action of the partition function in the same form as the original expression
of the Dirac Lagrangian, where both the vierbein and U(1) gauge fields have to be renormalized and redefined
appropriately. First of all, we keep the leading order in the gradient expansion for the Green’s function, where
higher order derivatives are given by higher powers of dz, thus safely neglected in the dz → 0 limit. We call
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this approximation the locality approximation of the Green’s function. Within the locality approximation, the
partition function is given by
Z[φαx, ABµx] =
∫
DψαxDϕ
(0)
x Dϕ
(1)
x Da
(0)
µxDa˜
(1)
µxDe
µ(0)
ax Dθ
a(0)
µx Dp
(0)
x Dq
(0)
x
exp
[
−
∫
dDx
√
g
(0)
x
{
ψ¯αx
[
1−
{
γceν(0)cx
(
∂ν − iqa˜(1)νx −
i
4
ωc
′d′(0)
νx σc′d′
)
G
(0)
xx′ [e
ν(0)
ax , a˜
(1)
νx , ϕ
(1)
x ]
}
x′→x
]
γaeµ(0)ax
(
∂µ
−iqa˜(1)µx −
i
4
ωa
′b′(0)
µx σa′b′
)
ψαx + (m− iϕ(1)x )ψ¯αxψαx + φ¯αxp(0)†x
{
1−
(
G
(0)
xx′ [e
ν(0)
ax , a˜
(1)
νx , ϕ
(1)
x ]
)
x′→x
γaeµ(0)ax
(
∂µ
−iqa˜(1)µx −
i
4
ωa
′b′(0)
µx σa′b′
)}
ψαx + ψ¯αx
[
1−
{
γceµ(0)cx
(
∂µ − iqa˜(1)µx −
i
4
ωc
′d′(0)
µx σc′d′
)
G
(0)
xx′ [e
ν(0)
ax , a˜
(1)
νx , ϕ
(1)
x ]
}
x′→x
]
p(0)x φαx
−φ¯αxp(0)†x
(
G
(0)
xx′ [e
ν(0)
ax , a˜
(1)
νx , ϕ
(1)
x ]
)
x′→x
p(0)x φαx
+
N
2λχ
ϕ(0)2x +
Nq
2λj
gµν(0)x (a
(0)
µx −ABµx)(a(0)νx −ABνx)−Nθa(0)µx (eµ(0)ax − eµBax)−N [q(0)†x (p(0)x − pBx) +H.c.]
+2β(0)dz
N
2λχ
(ϕ(1)x − ϕ(0)x
2β(0)dz
)2
+ 2δ(0)dz
Nq
2λj
gµν(0)x
( a˜(1)µx − a(0)µx
2δ(0)dz
)( a˜(1)νx − a(0)νx
2δ(0)dz
)
+2α(0)dzN
(Cϕ
2
gµν(0)x (∂µϕ
(1)
x )(∂νϕ
(1)
x ) + CξR(0)x ϕ(1)2x + CmixF˜µν(1)x (∂µϕ(1)x )(∂νϕ(1)x ) + CF F˜ (1)µνxF˜µν(1)x
−CΛ + CRR(0)x
)}]
. (39)
We emphasize that the renormalization group transformation given by quantum fluctuations of high-energy
Dirac fermions results in the renormalization of the kinetic-energy term for low-energy Dirac fermions, ex-
pressed as
[
1 −
{
γce
ν(0)
cx
(
∂ν − iqa˜(1)νx − i4ω
c′d′(0)
νx σc′d′
)
G
(0)
xx′ [e
ν(0)
ax , a˜
(1)
νx , ϕ
(1)
x ]
}
x′→x
]
in the kinetic-energy term.
We point out that this renormalization structure is universal regardless of quantum field theories of bosons
or fermions, where the high-energy Green’s function of original matter fields encodes the renormalization
group transformation of the kinetic-energy term of the corresponding quantum field theory [24]. This renor-
malization group transformation also gives rise to the renormalization of the source term. In addition,
−φ¯αxp(0)†x
(
G
(0)
xx′ [e
ν(0)
ax , a˜
(1)
νx , ϕ
(1)
x ]
)
x′→x
p
(0)
x φαx is newly generated in the effective Lagrangian.
2. Update rules
A key observation is that we can exponentiate all the terms including the Green’s function of heavy Dirac
fermions since it is of the order of dz. As a result, we reformulate the previous partition function up to the
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linear order of dz in the following way
Z[φαx, ABµx] =
∫
DψαxDϕ
(0)
x Dϕ
(1)
x Da
(0)
µxDa˜
(1)
µxDe
µ(0)
ax Dθ
a(0)
µx Dp
(0)
x Dq
(0)
x
exp
[
−
∫
dDx
√
g
(0)
x
{
ψ¯αxe
−
{
γceν(0)cx
(
∂ν−iqa˜
(1)
νx−
i
4ω
c′d′(0)
νx σc′d′
)
G
(0)
xx′
[eν(0)ax ,a˜
(1)
νx ,ϕ
(1)
x ]
}
x′→xγaeµ(0)ax
(
∂µ − iqa˜(1)µx
− i
4
ωa
′b′(0)
µx σa′b′
)
ψαx + (m− iϕ(1)x )ψ¯αxψαx + φ¯αxp(0)†x e
−
(
G
(0)
xx′
[eν(0)ax ,a˜
(1)
νx ,ϕ
(1)
x ]
)
x′→x
γaeµ(0)ax
(
∂µ−iqa˜
(1)
µx−
i
4ω
a′b′(0)
µx σa′b′
)
ψαx
+ψ¯αxe
−
{
γceµ(0)cx
(
∂µ−iqa˜
(1)
µx−
i
4ω
c′d′(0)
µx σc′d′
)
G
(0)
xx′
[eν(0)ax ,a˜
(1)
νx ,ϕ
(1)
x ]
}
x′→xp(0)x φαx − φ¯αxp(0)†x
(
G
(0)
xx′ [e
ν(0)
ax , a˜
(1)
νx , ϕ
(1)
x ]
)
x′→x
p(0)x φαx
+
N
2λχ
ϕ(0)2x +
Nq
2λj
gµν(0)x (a
(0)
µx −ABµx)(a(0)νx −ABνx)−Nθa(0)µx (eµ(0)ax − eµBax)−N [q(0)†x (p(0)x − pBx) +H.c.]
+2β(0)dz
N
2λχ
(ϕ(1)x − ϕ(0)x
2β(0)dz
)2
+ 2δ(0)dz
Nq
2λj
gµν(0)x
( a˜(1)µx − a(0)µx
2δ(0)dz
)( a˜(1)νx − a(0)νx
2δ(0)dz
)
+2α(0)dzN
(Cϕ
2
gµν(0)x (∂µϕ
(1)
x )(∂νϕ
(1)
x ) + CξR(0)x ϕ(1)2x + CmixF˜µν(1)x (∂µϕ(1)x )(∂νϕ(1)x ) + CF F˜ (1)µνxF˜µν(1)x
−CΛ + CRR(0)x
)}]
. (40)
Now, it is straightforward to find the update rule of the vierbein tensor. Our object is to reformulate the
kinetic-energy term as follows
e
−
{
γceν(0)cx
(
∂ν−iqa˜
(1)
νx−
i
4ω
c′d′(0)
νx σc′d′
)
G
(0)
xx′
[eν(0)ax ,a˜
(1)
νx ,ϕ
(1)
x ]
}
x′→xγaeµ(0)ax
(
∂µ − iqa˜(1)µx −
i
4
ωa
′b′(0)
µx σa′b′
)
≡ γaeµ(1)ax
(
∂µ − iqa(1)µx −
i
4
ωa
′b′(1)
µx σa′b′
)
. (41)
Keeping all terms up to the leading order of dz, the renormalized vierbein tensor is given by
eµ(1)ax = e
µ(0)
ax −
1
D
tr
[
γa
{
γceν(0)cx
(
∂ν − iqa˜(1)νx −
i
4
ωc
′d′(0)
νx σc′d′
)
G
(0)
xx′ [e
ν(0)
ax , a˜
(1)
νx , ϕ
(1)
x ]
}
x′→x
γb
]
e
µ(0)
bx . (42)
Accordingly, the renormalized spin connection follows
ωa
′b′(1)
µx σa′b′ = ω
a′b′(0)
µx σa′b′
− 1
D
ea(0)µx tr
[
γa
{
γceν(0)cx
(
∂ν − iqa˜(1)νx −
i
4
ωc
′d′(0)
νx σc′d′
)
G
(0)
xx′ [e
ν(0)
ax , a˜
(1)
νx , ϕ
(1)
x ]
}
x′→x
γf
]
e
λ(0)
fx ω
f ′g′(0)
λx σf ′g′ . (43)
In the same way, the U(1) gauge field is updated as
a(1)µx = a˜
(1)
µx −
1
D
ea(0)µx tr
[
γa
{
γceν(0)cx
(
∂ν − iqa˜(1)νx −
i
4
ωc
′d′(0)
νx σc′d′
)
G
(0)
xx′ [e
ν(0)
ax , a˜
(1)
νx , ϕ
(1)
x ]
}
x′→x
γb
]
e
λ(0)
bx a˜
(1)
λx .(44)
The coupling constant of the source-field term is renormalized as
p(1)x = e
−
{
γceµ(0)cx
(
∂µ−iqa˜
(1)
µx−
i
4ω
c′d′(0)
µx σc′d′
)
G
(0)
xx′
[eν(0)ax ,a˜
(1)
νx ,ϕ
(1)
x ]
}
x′→xp(0)x , (45)
which can be translated into
p(1)x = p
(0)
x −
{
γceµ(0)cx
(
∂µ − iqa˜(1)µx −
i
4
ωc
′d′(0)
µx σc′d′
)
G
(0)
xx′ [e
ν(0)
ax , a˜
(1)
νx , ϕ
(1)
x ]
}
x′→x
p(0)x (46)
13
up to the linear order of dz.
Based on the above update procedure, we reach the following expression of the partition function after the
first renormalization group transformation
Z[φαx, ABµx]
=
∫
DψαxDϕ
(0)
x Dϕ
(1)
x Da
(0)
µxDa
(1)
µxDe
µ(0)
ax De
µ(1)
ax Dθ
a(0)
µx Dθ
a(1)
µx Dp
(0)
x Dp
(1)
x Dq
(0)
x Dq
(1)
x Dy
(0)
x Dy
(1)
x Dw
(0)
x Dw
(1)
x
exp
[
−
∫
dDx
√
g
(1)
x
{
ψ¯αxγ
aeµ(1)ax
(
∂µ − iqa(1)µx −
i
4
ωa
′b′(1)
µx σa′b′
)
ψαx + (m− iϕ(1)x )ψ¯αxψαx
+φ¯αxp
(1)†
x ψαx + ψ¯αxp
(1)
x φαx + φ¯αxy
(1)
x φαx
}
−N
∫
dDx
√
g
(0)
x
{
1
2λχ
ϕ(0)2x +
q
2λj
gµν(0)x (a
(0)
µx −ABµx)(a(0)νx −ABνx)
−θa(0)µx (eµ(0)ax − eµBax)− q(0)†x (p(0)x − pBx)−H.c.− w(0)†x (y(0)x − yBx)−H.c.
}
−2dzN
∫
dDx
√
g
(0)
x
{
1
2λχ
(ϕ(1)x − ϕ(0)x
2dz
)2
+
q
2λj
gµν(0)x
(
a
(1)
µx − a(0)µx
2dz
+
1
2dzD
ea(0)µx tr
[
γa
{
γceλ(0)cx
(
∂λ − iqa(1)λx −
i
4
ω
c′d′(0)
λx σc′d′
)
G
(0)
xx′ [e
λ(0)
ax , a
(1)
λx , ϕ
(1)
x ]
}
x′→x
γb
]
e
κ(0)
bx a
(1)
κx
)(
a
(1)
νx − a(0)νx
2dz
+
1
2dzD
ef(0)νx tr
[
γf
{
γgeη(0)gx
(
∂η − iqa(1)ηx −
i
4
ωg
′h′(0)
ηx σg′h′
)
G
(0)
xx′ [e
η(0)
ax , a
(1)
ηx , ϕ
(1)
x ]
}
x′→x
γl
]
e
ǫ(0)
lx a
(1)
ǫx
)
+
Cϕ
2
gµν(0)x (∂µϕ
(1)
x )(∂νϕ
(1)
x ) + CξR(0)x ϕ(1)2x + CmixFµν(1)x (∂µϕ(1)x )(∂νϕ(1)x ) + CFF (1)µνxFµν(1)x − CΛ + CRR(0)x
}
−2dzN
∫
dDx
√
g
(1)
x
{
− θa(1)µx
(
e
µ(1)
ax − eµ(0)ax
2dz
+
1
2dzD
tr
[
γa
{
γceν(0)cx
(
∂ν − iqa(1)νx −
i
4
ωc
′d′(0)
νx σc′d′
)
G
(0)
xx′ [e
ν(0)
ax , a
(1)
νx , ϕ
(1)
x ]
}
x′→x
γb
]
e
µ(0)
bx
)
−q(1)†x
(
p
(1)
x − p(0)x
2dz
+
1
2dz
{
γceµ(0)cx
(
∂µ − iqa(1)µx −
i
4
ωc
′d′(0)
µx σc′d′
)
G
(0)
xx′ [e
ν(0)
ax , a
(1)
νx , ϕ
(1)
x ]
}
x′→x
p(0)x
)
−H.c.
−w(1)†x
(
y
(1)
x − y(0)x
2dz
+
1
2dz
p(0)†x
(
G
(0)
xx′ [e
ν(0)
ax , a
(1)
νx , ϕ
(1)
x ]
)
x′→x
p(0)x
)
−H.c.
}]
, (47)
where the gauge fixing of
α(0) = β(0) = δ(0) = 1 (48)
has been utilized. The Green’s function is{
γaeν(0)ax
(
∂ν − iqa(1)νx −
i
4
ωa
′b′(0)
νx σa′b′
)
+
1
2dz
(m− iϕ(1)x )
}
G
(0)
xx′ [e
ν(0)
ax , a
(1)
νx , ϕ
(1)
x ] =
1√
g
(0)
x
δ(D)(x− x′),(49)
where the U(1) gauge field has been updated and verified in the dz → 0 limit.
This lengthy expression is not difficult to figure out. First of all, both the vierbein tensor and the U(1)
gauge field are renormalized in the Dirac Lagrangian. The renormalization group flow of the vierbein tensor is
described by
−θa(1)µx
(
e
µ(1)
ax − eµ(0)ax
2dz
+
1
2dzD
tr
[
γa
{
γceν(0)cx
(
∂ν − iqa(1)νx −
i
4
ωc
′d′(0)
νx σc′d′
)
G
(0)
xx′ [e
ν(0)
ax , a
(1)
νx , ϕ
(1)
x ]
}
x′→x
γb
]
e
µ(0)
bx
)
,
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where θ
a(1)
µx is the Lagrange multiplier field to impose the constraint of Eq. (42). We recall that the Einstein-
Hilbert action −CΛ + CRR(0)x originates from vacuum fluctuations of high-energy Dirac fermions. On the other
hand, the dynamics of renormalized U(1) gauge fields is given by
L(1)g =
qg
µν(0)
x
2λj
(
a
(1)
µx − a(0)µx
2dz
+
1
2dzD
ea(0)µx tr
[
γa
{
γceλ(0)cx
(
∂λ − iqa(1)λx −
i
4
ω
c′d′(0)
λx σc′d′
)
G
(0)
xx′ [e
λ(0)
ax , a
(1)
λx , ϕ
(1)
x ]
}
x′→x
γb
]
×eκ(0)bx a(1)κx
)(
a
(1)
νx − a(0)νx
2dz
+
1
2dzD
ef(0)νx tr
[
γf
{
γgeη(0)gx
(
∂η − iqa(1)ηx −
i
4
ωg
′h′(0)
ηx σg′h′
)
G
(0)
xx′ [e
η(0)
ax , a
(1)
ηx , ϕ
(1)
x ]
}
x′→x
γl
]
×eǫ(0)lx a(1)ǫx
)
+ CFF (1)µνxFµν(1)x ,
where the dynamics g
µν(0)
x
(
a(1)µx−a
(0)
µx
2dz
)(
a(1)νx−a
(0)
νx
2dz
)
originates from effective current-current interactions and the
Maxwell dynamics F
(1)
µνxF
µν(1)
x results from quantum fluctuations of high-energy Dirac fermions. The mass term
of Dirac fermions is also renormalized as (m − iϕ(1)x )ψ¯αxψαx, where the dynamics of the order-parameter field
is given by
L(1)ϕ =
1
2λχ
(ϕ(1)x − ϕ(0)x
2dz
)2
+
Cϕ
2
gµν(0)x (∂µϕ
(1)
x )(∂νϕ
(1)
x ) + CξR(0)x ϕ(1)2x + CmixFµν(1)x (∂µϕ(1)x )(∂νϕ(1)x ).
The dynamics of 12λχ
(
ϕ(1)x −ϕ
(0)
x
2dz
)2
originates from effective interactions of Dirac fermions for dynamical mass
generation and all other terms result from vacuum fluctuations of high-energy Dirac fermions. We point out
that the coupling function of the source term introduced for the Green’s function is renormalized, given by
−q(1)†x
(
p
(1)
x − p(0)x
2dz
+
1
2dz
{
γceµ(0)cx
(
∂µ − iqa(1)µx −
i
4
ωc
′d′(0)
µx σc′d′
)
G
(0)
xx′ [e
ν(0)
ax , a
(1)
νx , ϕ
(1)
x ]
}
x′→x
p(0)x
)
−H.c.,
where q
(1)†
x is the Lagrange multiplier field to impose the constraint Eq. (46). The renormalization group flow
of the newly generated source term is described by
−w(1)†x
(
y
(1)
x − y(0)x
2dz
+
1
2dz
p(0)†x
(
G
(0)
xx′ [e
ν(0)
ax , a
(1)
νx , ϕ
(1)
x ]
)
x′→x
p(0)x
)
−H.c.,
where w
(1)†
x is the Lagrange multiplier field and y
(0)
x = 0 as an initial condition.
Physical ingredients in the above partition function are as follows. It is easy to figure out that quantum
fluctuations of ϕ
(0)
x , ϕ
(1)
x , a
(0)
µx , and a
(1)
µx are suppressed in the large N limit while the path integral for ψαx is
Gaussian and those for both vierbein fields are given by the constraints of δ−functions. As a result, we obtain
effective mean-field equations for ϕ
(0)
x , ϕ
(1)
x , a
(0)
µx , and a
(1)
µx with background geometry given by the vierbein
tensor in the large N limit. Mean-field equations of ϕ
(0)
x and a
(0)
µx correspond to those (conventional saddle-
point approximation) of the related quantum field theory in the large N limit. On the other hand, mean-field
equations of ϕ
(1)
x and a
(1)
µx coupled to those of ϕ
(0)
x and a
(0)
µx give rise to 1/N corrections in the mean-field solutions
of ϕ
(0)
x and a
(0)
µx . This point has been demonstrated in Ref. [26] more explicitly. In addition, the renormalized
vierbein tensor corresponds to vertex corrections, where all coupling functions are renormalized. In this respect
the above effective action of the large N limit is an effective mean-field theory for ϕ
(0)
x and a
(0)
µx , where both 1/N
quantum corrections (self-energies) given by ϕ
(1)
x and a
(1)
µx and vertex corrections described by the renormalized
vierbein tensor e
ν(1)
ax have been introduced self-consistently through the renormalization group transformation
with background dual fields.
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3. Recursive renormalization group transformations
The above expression of the partition function suggests the following recursive form after the f th renormal-
ization group transformation
Z[φαx, ABµx] =
∫
DψαxΠ
f
k=0Dϕ
(k)
x Da
(k)
µxDe
µ(k)
ax Dθ
a(k)
µx Dp
(k)
x Dq
(k)
x Dy
(k)
x Dw
(k)
x
exp
[
−
∫
dDx
√
g
(f)
x
{
ψ¯αxγ
aeµ(f)ax
(
∂µ − iqa(f)µx −
i
4
ωa
′b′(f)
µx σa′b′
)
ψαx + (m− iϕ(f)x )ψ¯αxψαx
+φ¯αxp
(f)†
x ψαx + ψ¯αxp
(f)
x φαx + φ¯αxy
(f)
x φαx
}
−N
∫
dDx
√
g
(0)
x
{
1
2λχ
ϕ(0)2x +
q
2λj
gµν(0)x (a
(0)
µx −ABµx)(a(0)νx −ABνx)
−θa(0)µx (eµ(0)ax − eµBax)− q(0)†x (p(0)x − pBx)−H.c.− w(0)†x (y(0)x − yBx)−H.c.
}
−N(2dz)
f∑
k=1
∫
dDx
√
g
(k−1)
x
{
1
2λχ
(ϕ(k)x − ϕ(k−1)x
2dz
)2
+
Cϕ
2
gµν(k−1)x (∂µϕ
(k)
x )(∂νϕ
(k)
x ) + CξR(k−1)x ϕ(k)2x
+CmixFµν(k)x (∂µϕ(k)x )(∂νϕ(k)x ) +
q
2λj
gµν(k−1)x
(
a
(k)
µx − a(k−1)µx
2dz
+
1
2dzD
ea(k−1)µx tr
[
γa
{
γceλ(k−1)cx
(
∂λ − iqa(k)λx
− i
4
ω
c′d′(k−1)
λx σc′d′
)
G
(k−1)
xx′ [e
λ(k−1)
ax , a
(k)
λx , ϕ
(k)
x ]
}
x′→x
γb
]
e
κ(k−1)
bx a
(k)
κx
)(
a
(k)
νx − a(k−1)νx
2dz
+
1
2dzD
ew(k−1)νx tr
[
γw
{
γgeη(k−1)gx
(
∂η − iqa(k)ηx −
i
4
ωg
′h′(k−1)
ηx σg′h′
)
G
(k−1)
xx′ [e
η(k−1)
ax , a
(k)
ηx , ϕ
(k)
x ]
}
x′→x
γl
]
e
ǫ(k−1)
lx a
(k)
ǫx
)
+CFF (k)µνxFµν(k)x − CΛ + CRR(k−1)x
}
−N(2dz)
f∑
k=1
∫
dDx
√
g
(k)
x
{
− θa(k)µx
(
e
µ(k)
a − eµ(k−1)a
2dz
+
1
2dzD
tr
[
γa
{
γceν(k−1)cx
(
∂ν − iqa(k)νx −
i
4
ωc
′d′(k−1)
νx σc′d′
)
G
(k−1)
xx′ [e
ν(k−1)
ax , a
(k)
νx , ϕ
(k)
x ]
}
x′→x
γb
]
e
µ(k−1)
b
)
−q(k)†x
(
p
(k)
x − p(k−1)x
2dz
+
1
2dz
{
γceµ(k−1)cx
(
∂µ − iqa(k)µx −
i
4
ωc
′d′(k−1)
µx σc′d′
)
G
(k−1)
xx′ [e
ν(k−1)
ax , a
(k)
νx , ϕ
(k)
x ]
}
x′→x
p(k−1)x
)
−H.c.− w(k)†x
(
y
(k)
x − y(k−1)x
2dz
+
1
2dz
p(k−1)†x
(
G
(k−1)
xx′ [e
ν(k−1)
ax , a
(k)
νx , ϕ
(k)
x ]
)
x′→x
p(k−1)x
)
−H.c.
}]
, (50)
where the gauge choice
α(k) = 1, β(k) = 1, δ(k) = 1 (51)
has been taken into account. The Green’s function is{
γaeν(k−1)ax
(
∂ν − iqa(k)νx −
i
4
ωa
′b′(k−1)
νx σa′b′
)
+
1
2dz
(m− iϕ(k)x )
}
G
(k−1)
xx′ [e
ν(k−1)
ax , a
(k)
νx , ϕ
(k)
x ] =
1√
g
(k−1)
x
δ(D)(x − x′).
(52)
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D. Effective geometric description for interacting Dirac fermions
The final task is to rewrite the above partition function Eq. (50) in the continuous coordinate representation
instead of the discrete variable k. Resorting to
(2dz)
f∑
k=1
√
g(k−1)θa(k)µx
(eµ(k)ax − eµ(k−1)ax
2dz
)
=⇒
∫ zf
0
dz
√
g(x, z) θaµ(x, z)∂ze
µ
a(x, z) (53)
with 2dz
∑f
k=1 =⇒
∫ zf
0 dz and (e
µ(k)
ax − eµ(k−1)ax )/(2dz) =⇒ ∂zeµa(x, z), we obtain
Z[φα(x), ABµ(x)] =
∫
Dψα(x)Dϕ(x, z)Daµ(x, z)De
µ
a(x, z)Dp(x, z)Dy(x, z)
δ
(
eµa(x, 0)− eµBa(x)
)
δ
(
p(x, 0)− pB(x)
)
δ
(
y(x, 0)− yB(x)
)
δ
(
∂ze
µ
a(x, z) +
1
εD
tr
[
γa
{
γceνc (x, z)
(
∂ν
−iqaν(x, z)− i
4
ωc
′d′
ν (x, z)σc′d′
)
Gxx′ [e
ν
a(x, z), aν(x, z), ϕ(x, z)]
}
x′→x
γb
]
eµb (x, z)
)
δ
(
∂zp(x, z)
+
1
ε
{
γceµc (x, z)
(
∂µ − iqaµ(x, z)− i
4
ωc
′d′
µ (x, z)σc′d′
)
Gxx′ [e
ν
a(x, z), aν(x, z), ϕ(x, z)]
}
x′→x
p(x, z)
)
δ
(
∂zy(x, z) +
1
ε
p†(x, z)
(
Gxx′ [e
ν
a(x, z), aν(x, z), ϕ(x, z)]
)
x′→x
p(x, z)
)
exp
[
−
∫
dDx
√
g(x, zf )
{
ψ¯α(x)γ
aeµa(x, zf )
(
∂µ − iqaµ(x, zf )− i
4
ωa
′b′
µ (x, zf )σa′b′
)
ψα(x)
+[m− iϕ(x, zf )]ψ¯α(x)ψα(x) + φ¯α(x)p†(x, zf )ψα(x) + ψ¯α(x)p(x, zf )φα(x) + φ¯α(x)y(x, zf )φα(x)
}
−N
∫
dDx
√
g(x, 0)
{
1
2λχ
[ϕ(x, 0)]2 +
q
2λj
gµν(x, 0)[aµ(x, 0)−ABµ(x)][aν(x, 0)−ABν(x)]
}
−N
∫ zf
0
dz
∫
dDx
√
g(x, z)
{
1
2λχ
[∂zϕ(x, z)]
2 +
Cϕ
2
gµν(x, z)[∂µϕ(x, z)][∂νϕ(x, z)] + CξR(x, z)[ϕ(x, z)]2
+CmixFµν(x, z)[∂µϕ(x, z)][∂νϕ(x, z)] + q
2λj
gµν(x, z)
(
∂zaµ(x, z) +
1
εD
eaµ(x, z)tr
[
γa
{
γceλc (x, z)
(
∂λ
−iqaλ(x, z)− i
4
ωc
′d′
λ (x, z)σc′d′
)
Gxx′ [e
λ
a(x, z), aλ(x, z), ϕ(x, z)]
}
x′→x
γb
]
eκb (x, z)aκ(x, z)
)(
∂zaν(x, z)
+
1
εD
ewν (x, z)tr
[
γw
{
γgeηg(x, z)
(
∂η − iqaη(x, z)− i
4
ωg
′h′
η (x, z)σg′h′
)
Gxx′ [e
η
a(x, z), aη(x, z), ϕ(x, z)]
}
x′→x
γl
]
×eǫl (x, z)aǫ(x, z)
)
+
C
4
Fµν(x, z)F
µν(x, z) +
1
2κ
(
R(x, z)− 2Λ
)}]
. (54)
Here, we introduced changes in notations as
CR = 1
2κ
,
CΛ
CR = 2Λ, CF =
C
4
(55)
and
ε ≡ 2dz. (56)
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The Green’s function of high-energy Dirac fermions is given by{
γaeνa(x, z)
(
∂ν − iqaν(x, z)− i
4
ωa
′b′
ν (x, z)σa′b′
)
+
m− iϕ(x, z)
ε
}
Gxx′ [e
ν
a(x, z), aν(x, z), ϕ(x, z)]
=
1√
g(x, z)
δ(D)(x− x′). (57)
zf = fdz defines the size of an extra-dimensional space, where f is the number of iteration steps of recur-
sive renormalization group transformations and dz is the renormalization group scale discussed before. zf is
proportional to a UV cutoff, which defines an effective field theory of interacting Dirac fermions.
Physics of this partition function is clear. We recall an effective UV action given by
SUV =
∫
dDx
√
g(x, 0)
{
ψ¯α(x)γ
aeµa(x, 0)
(
∂µ − iqaµ(x, 0)− i
4
ωa
′b′
µ (x, 0)σa′b′
)
ψα(x) + [m− iϕ(x, 0)]ψ¯α(x)ψα(x)
+[φ¯α(x)p
†(x, 0)ψα(x) + ψ¯α(x)p(x, 0)φα(x)] +
N
2λχ
[ϕ(x, 0)]2 +
Nq
2λj
gµν(x, 0)[aµ(x, 0)−ABµ(x)][aν(x, 0)−ABν(x)]
}
.
On the other hand, the IR effective action is given by
SIR =
∫
dDx
√
g(x, zf )
{
ψ¯α(x)γ
aeµa(x, zf )
(
∂µ − iqaµ(x, zf )− i
4
ωa
′b′
µ (x, zf )σa′b′
)
ψα(x)
+[m− iϕ(x, zf )]ψ¯α(x)ψα(x) + φ¯α(x)p†(x, zf )ψα(x) + ψ¯α(x)p(x, zf )φα(x) + φ¯α(x)y(x, zf )φα(x)
}
,
which takes into account all possible renormalizations such as field renormalization, mass renormalization, and
interaction renormalization, described by the renormalized vierbein field eµa(x, zf ), the renormalized order-
parameter field ϕ(x, zf ), and the renormalized U(1) gauge field aµ(x, zf ) with renormalized coefficients p(x, zf )
and y(x, zf ). The evolution equation for the vierbein field plays essentially the same role as renormalization
group β−functions for coupling functions. On the other hand, the evolution equation of the U(1) gauge field
(the order-parameter field) may be regarded as a Callan-Symanzik equation for the conserved U(1) current (non-
conserved mass operator N−1ψ¯α(x)ψα(x)) in the dual holographic description. In the large N limit quantum
fluctuations of all dynamical field variables are suppressed. As a result, we obtain an effective Maxwell equation
for aµ(x, z) and an effective Klein-Gordon equation for ϕ(x, z) in an effective curved spacetime background
given by
∂ze
µ
a(x, z) = −
1
εD
tr
[
γa
{
γceνc (x, z)
(
∂ν − iqaν(x, z)− i
4
ωc
′d′
ν (x, z)σc′d′
)
Gxx′ [e
ν
a(x, z), aν(x, z), ϕ(x, z)]
}
x′→x
γb
]
eµb (x, z),
which result from taking variations of the bulk effective action of the above partition function with respect
to aµ(x, z) and ϕ(x, z), respectively. We emphasize that these coupled equations have nonlinearly intertwined
structures, which introduced quantum corrections of such effective interactions into the partition function in
the all-loop order [26]. One may regard the dual order-parameter fields of aµ(x, z) and ϕ(x, z) as self-energy
corrections and the emergent background geometry eµa(x, z) as vertex corrections, both of which are taken into
account self-consistently in this formulation. We point out that both the Maxwell type and Klein-Gordon type
equations are given by the second-order differential equations for the extra-dimensional coordinate z. Two
boundary conditions, referred to as UV and IR ones, are given by performing variations of UV and IR effective
actions with respect to aµ(x, 0) (ϕ(x, 0)) and aµ(x, zf ) (ϕ(x, zf )) in the largeN limit, which have to be supported
by the linear-in-z derivative UV and IR boundary terms resulting from the bulk effective action [32, 33].
It is straightforward to find the IR Green’s function in the large N limit, given by the derivative of the IR
effective action with respect to φ¯α(x) and φα(x
′). As a result, we obtain
G(x, x′) ≡ − 1
N
〈
Tτ
(
ψα(x)ψ¯α(x
′)
)〉
= p†(x, zf )
[{
γaeµa(x, zf )
(
∂µ − iqaµ(x, zf )− i
4
ωa
′b′
µ (x, zf )σa′b′
)
+m− iϕ(x, zf )
}−1 1√
g(x, zf )
δ(D)(x − x′)
]
p(x′, zf)
+
y(x, zf )√
g(x, zf )
δ(D)(x− x′). (58)
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It is interesting to observe that two types of additional renormalizations appear. The UV-scale renormalization
for the Green’s function is given by
y(x,zf)√
g(x,zf )
δ(D)(x − x′) while the field renormalization is described by the
renormalized coupling constant p(x, zf ). Their renormalization group flows are given by
∂zp(x, z) = −1
ε
{
γceµc (x, z)
(
∂µ − iqaµ(x, z)− i
4
ωc
′d′
µ (x, z)σc′d′
)
Gxx′ [e
ν
a(x, z), aν(x, z), ϕ(x, z)]
}
x′→x
p(x, z)
(59)
and
∂zy(x, z) = −1
ε
p†(x, z)
(
Gxx′ [e
ν
a(x, z), aν(x, z), ϕ(x, z)]
)
x′→x
p(x, z), (60)
respectively.
III. HOLOGRAPHIC DUAL EFFECTIVE FIELD THEORY FOR INTERACTING DIRAC
FERMIONS
A. Introduction of effective tensor-type interactions
Although the renormalization group flow of the vierbein tensor originates from vacuum fluctuations of high-
energy Dirac fermions, the vierbein tensor is not fully dynamical in contrast to the holographic duality conjecture
[9–15]. On the other hand, both the order-parameter field and U(1) gauge field are dynamical in the extra-
dimensional space. We recall that the dynamics of these dual fields result from effective interactions between
matter fields in the renormalization group transformation. In this respect we introduce effective tensor-field
interactions into the partition function as follows [34]
Z[φα, ABµ] =
∫
Dψα exp
[
−
∫
dDx
√
gB
{
ψ¯αγ
aeµBa
(
∂µ − iqABµ − i
4
ωa
′b′
Bµ σa′b′
)
ψα +mψ¯αψα
+(φ¯αp
†
Bψα + ψ¯αpBφα) +
λχ
2N
(ψ¯αψα)
2 +
qλj
2N
gµνB (ψ¯αγae
a
Bµψα)(ψ¯βγbe
b
Bνψβ)
+
λt
2N
gµνB
{
ψ¯αγ
a
(
∂µ − iqABµ − i
4
ωa
′b′
Bµ σa′b′
)
ψα
}{
ψ¯βγ
a
(
∂ν − iqABν − i
4
ωc
′d′
Bν σc′d′
)
ψβ
}}]
(61)
It is natural to expect that the effective interaction term λt2N g
µν
B
{
ψ¯αγ
a
(
∂µ−iqABµ− i4ωa
′b′
Bµ σa′b′
)
ψα
}{
ψ¯βγ
a
(
∂ν−
iqABν − i4ωc
′d′
Bν σc′d′
)
ψβ
}
is irrelevant in the renormalization group sense as long as the coupling constant λt
remains to be below a critical value. However, we point out that these tensor-type quantum fluctuations
promote the emergent vierbein tensor to be fully dynamical [34]. Although one can take into account an
effective interaction term of the exact energy-momentum tensor in the effective Lagrangian, we mention that
the above introduction of the effective interaction term is sufficient in discussing which approximation scheme
has to be used for the vierbein renormalization-group transformation.
Performing the Hubbard-Stratonovich transformation for all types of effective interactions, we obtain
Z[φα, ABµ] =
∫
DψαDϕ
(0)Da(0)µ De˜
µ
aDe
µ(0)
a Dθ
a(0)
µ Dp
(0)Dq(0)
exp
[
−
∫
dDx
√
g(0)
{
ψ¯αγ
a(eµ(0)a − ie˜µa)
(
∂µ − iqa(0)µ −
i
4
ωa
′b′(0)
µ σa′b′
)
ψα + (m− iϕ(0))ψ¯αψα
+(φ¯αp
†
Bψα + ψ¯αpBφα) +
N
2λχ
ϕ(0)2 +
Nq
2λj
gµν(0)(a(0)µ −ABµ)(a(0)ν −ABν) +
N
2λt
g(0)µν e˜
µ
a e˜
ν
a
−Nθa(0)µ (eµ(0)a − eµBa)−N [q(0)†(p(0) − pB) +H.c.]
}]
, (62)
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where e˜µa has been introduced to decompose the tensor-type interaction term. Shifting the vierbein tensor in
the following way
eµ(0)a =⇒ eµ(0)a + ie˜µa , (63)
we obtain
Z[φα, ABµ] =
∫
DψαDϕ
(0)Da(0)µ De˜
µ
aDe
µ(0)
a Dθ
a(0)
µ Dp
(0)Dq(0)
exp
[
−
∫
dDx
√
g[e
a(0)
µ + ie˜aµ]
{
ψ¯αγ
aeµ(0)a
(
∂µ − iqa(0)µ −
i
4
ωa
′b′
µ [e
a(0)
µ + ie˜
a
µ]σa′b′
)
ψα + (m− iϕ(0))ψ¯αψα
+(φ¯αp
†
Bψα + ψ¯αpBφα) +
N
2λχ
ϕ(0)2 +
Nq
2λj
gµν [eµ(0)a + ie˜
µ
a ](a
(0)
µ −ABµ)(a(0)ν −ABν) +
N
2λt
gµν [e
a(0)
µ + ie˜
a
µ]e˜
µ
a e˜
ν
a
−Nθa(0)µ (eµ(0)a + ie˜µa − eµBa)−N [q(0)†(p(0) − pB) +H.c.]
}]
. (64)
Here, our object is to perform the path integral
∫
Dθ
a(0)
µ De˜µa . The approximation that we have to use is to keep
quantum fluctuations of the vierbein tensor up to the linear order. In other words, we neglect the ie˜µa contribution
in the determinant
√
g[e
a(0)
µ + ie˜aµ], spin connection ω
a′b′
µ [e
a(0)
µ + ie˜aµ], and metric tensor gµν [e
a(0)
µ + ie˜aµ], given
by the following partition function
Z[φα, ABµ] ≈
∫
DψαDϕ
(0)Da(0)µ De˜
µ
aDe
µ(0)
a Dθ
a(0)
µ Dp
(0)Dq(0)
exp
[
−
∫
dDx
√
g(0)
{
ψ¯αγ
aeµ(0)a
(
∂µ − iqa(0)µ −
i
4
ωa
′b′(0)
µ σa′b′
)
ψα + (m− iϕ(0))ψ¯αψα
+(φ¯αp
†
Bψα + ψ¯αpBφα) +
N
2λχ
ϕ(0)2 +
Nq
2λj
gµν(0)(a(0)µ −ABµ)(a(0)ν −ABν) +
N
2λt
g(0)µν e˜
µ
a e˜
ν
a
−Nθa(0)µ (eµ(0)a + ie˜µa − eµBa)−N [q(0)†(p(0) − pB) +H.c.]
}]
. (65)
Now, it is straightforward to perform the path integral
∫
Dθ
a(0)
µ De˜µa . As a result, we obtain
Z[φα, ABµ] ≈
∫
DψαDϕ
(0)Da(0)µ De
µ(0)
a Dp
(0)Dq(0)
exp
[
−
∫
dDx
√
g(0)
{
ψ¯αγ
aeµ(0)a
(
∂µ − iqa(0)µ −
i
4
ωa
′b′(0)
µ σa′b′
)
ψα + (m− iϕ(0))ψ¯αψα + (φ¯αp†Bψα + ψ¯αpBφα)
+
N
2λχ
ϕ(0)2 +
Nq
2λj
gµν(0)(a(0)µ −ABµ)(a(0)ν −ABν)−
N
2λt
g(0)µν (e
µ(0)
a − eµBa)(eν(0)a − eνBa)
−N [q(0)†(p(0) − pB) +H.c.]
}]
, (66)
where the Gaussian-fluctuation term has been generated for the vierbein tensor as both the order parameter
and U(1) gauge field.
One can repeat essentially the same renormalization group transformation for the vierbein tensor as that of
both the order parameter and U(1) gauge field. Introducing an auxiliary vierbein field into the effective action,
separating both vierbein fields into slow and fast degrees of freedom as those of collective dual field variables,
and doing the path integral with respect to the heavy vierbein field, one can implement the renormalization
group transformation for the vierbein field. Here, an essential point of this renormalization group transformation
different from that for both the order parameter and U(1) gauge field is that we have to resort to the linear
approximation for the path integral of the heavy vierbein field, where nonlinear contributions give rise to
various complicated terms beyond our control. Neglecting such nonlinear contributions and performing the
path integral for the vierbein tensor at the Gaussian level, we obtain an effective interaction term between
tensor fields, given by essentially the same form of the original effective interaction but with a small coefficient
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proportional to dz. Performing the Hubbard-Stratonovich transformation for this newly generated effective
interaction term, we obtain an effective renormalized action for the vierbein tensor as that of both the order
parameter and U(1) gauge field. Together with the renormalization group transformation for the Dirac spinor
field, we update both the vierbein tensor and the U(1) gauge field and find an effective renormalized action
after the first renormalization group transformation. Finally, the resulting recursive formula in the partition
function is translated into
Z[ABµ(x)] =
∫
Dψα(x)Dϕ(x, z)Daµ(x, z)De
µ
a(x, z) exp
[
−
∫
dDx
√
g(x, zf )
{
ψ¯α(x)γ
aeµa(x, zf )
(
∂µ
−iqaµ(x, zf )− i
4
ωa
′b′
µ (x, zf )σa′b′
)
ψα(x) + [m− iϕ(x, zf )]ψ¯α(x)ψα(x)
}
−N
∫
dDx
√
g(x, 0)
{
1
2λχ
[ϕ(x, 0)]2
+
q
2λj
gµν(x, 0)[aµ(x, 0)−ABµ(x)][aν(x, 0)−ABν(x)]− N
2λt
gµν(x, 0)[e
µ
a(x, 0)− eµBa(x)][eνa(x, 0)− eνBa(x)]
}
−N
∫ zf
0
dz
∫
dDx
√
g(x, z)
{
1
2λχ
[∂zϕ(x, z)]
2 +
Cϕ
2
gµν(x, z)[∂µϕ(x, z)][∂νϕ(x, z)]
+CξR(x, z)[ϕ(x, z)]2 + CmixFµν(x, z)[∂µϕ(x, z)][∂νϕ(x, z)]
}
−N
∫ zf
0
dz
∫
dDx
√
g(x, z)
{
q
2λj
gµν(x, z)
(
∂zaµ(x, z) +
1
εD
eaµ(x, z)tr
[
γa
{
γceλc (x, z)
(
∂λ
−iqaλ(x, z)− i
4
ωc
′d′
λ (x, z)σc′d′
)
Gxx′ [e
λ
a(x, z), aλ(x, z), ϕ(x, z)]
}
x′→x
γb
]
eκb (x, z)aκ(x, z)
)(
∂zaν(x, z)
+
1
εD
ewν (x, z)tr
[
γw
{
γgeηg(x, z)
(
∂η − iqaη(x, z)− i
4
ωg
′h′
η (x, z)σg′h′
)
Gxx′ [e
η
a(x, z), aη(x, z), ϕ(x, z)]
}
x′→x
γl
]
×eǫl (x, z)aǫ(x, z)
)
+
C
4
Fµν(x, z)F
µν(x, z)
}
−N
∫ zf
0
dz
∫
dDx
√
g(x, z)
{
− N
2λt
gµν(x, z)
(
∂ze
µ
a(x, z) +
1
εD
tr
[
γa
{
γceλc (x, z)
(
∂λ − iqaλ(x, z)
− i
4
ωc
′d′
λ (x, z)σc′d′
)
Gxx′ [e
λ
c (x, z), aλ(x, z), ϕ(x, z)]
}
x′→x
γb
]
eµb (x, z)
)(
∂ze
ν
a(x, z) +
1
εD
tr
[
γa
{
γgeηg(x, z)
(
∂η
−iqaη(x, z)− i
4
ωg
′h′
η (x, z)σg′h′
)
Gxx′ [e
η
g(x, z), aη(x, z), ϕ(x, z)]
}
x′→x
γl
]
eνl (x, z)
)
+
1
2κ
(
R(x, z)− 2Λ
)}]
,(67)
where an extra-dimensional space has been introduced with a coordinate z as before. In addition, the source
terms introduced before for the IR Green’s function have been omitted for the simplicity of presentation. Al-
though most terms remain same as before, the gravity sector is now fully dynamical in the extra-dimensional
space, which originates from effective interactions between energy-momentum tensors. More generally speak-
ing, one may say that global symmetries are uplifted into local ones, consistent with the holographic duality
conjecture, even if this bulk effective action is a gauge-fixed version and those gauge symmetries are explicitly
broken by gauge fixing. The Green’s function of the heavy Dirac spinor is given by{
γaeνa(x, z)
(
∂ν − iqaν(x, z)− i
4
ωa
′b′
ν (x, z)σa′b′
)
+
m− iϕ(x, z)
ε
}
Gxx′ [e
ν
a(x, z), aν(x, z), ϕ(x, z)]
=
1√
g(x, z)
δ(D)(x− x′).
We emphasize that the renormalization group flow of the vierbein tensor is highly nonlinear and intertwined
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with the renormalization group flow of both the order-parameter field and the U(1) gauge field in the extra-
dimensional space although we resort to the linear approximation for the renormalization group transformation
of the vierbein tensor. The origin of this nonlinearly intertwined renormalization group flow is in the feedback
effect of the Green’s function, where the Green’s function is determined by all these field variables.
To compare this holographic dual effective field theory with that of the holographic duality conjecture, we
perform the path integral with respect to the Dirac spinor field. As a result, we obtain the following expression
of the partition function
Z[ABµ(x)] =
∫
Dϕ(x, z)Daµ(x, z)De
µ
a(x, z) exp
{
− SBulk[ϕ(x, z), aµ(x, z), eµa(x, z)]
−SIR[ϕ(x, zf ), aµ(x, zf ), eµa(x, zf )]− SUV [ϕ(x, 0), aµ(x, 0), eµa(x, 0);ABµ(x)]
}
. (68)
The IR effective action is
SIR[ϕ(x, zf ), aµ(x, zf ), eµa(x, zf )] = N
∫
dDx
√
g(x, zf )
{
Cfϕ
2
gµν(x, zf )[∂µϕ(x, zf )][∂νϕ(x, zf )]
+CfξR(x, zf )[ϕ(x, zf )]2 + CfmixFµν(x, zf )[∂µϕ(x, zf )][∂νϕ(x, zf )] +
Cf
4
Fµν(x, zf )F
µν(x, zf )
+
1
2κf
(
R(x, zf )− 2Λf
)}
, (69)
which serves as IR boundary conditions for the order-parameter field ϕ(x, zf ), the U(1) gauge field aµ(x, zf ),
and the vierbein tensor field or the metric tensor gµν(x, zf ). All the positive coefficients Cfϕ, Cfξ , Cfmix, Cf , κf ,
and Λf are determined by the gradient expansion [30, 31] of
−Ntrxx′ ln
√
g(x, zf )
{
γaeµa(x, zf )
(
∂µ − iqaµ(x, zf )− i
4
ωa
′b′
µ (x, zf )σa′b′
)
+ [m− iϕ(x, zf )]
}
.
The bulk effective action is
SBulk[ϕ(x, z), aµ(x, z), eµa(x, z)] = N
∫ zf
0
dz
∫
dDx
√
g(x, z)
{
1
2λχ
[∂zϕ(x, z)]
2 +
Cϕ
2
gµν(x, z)[∂µϕ(x, z)][∂νϕ(x, z)]
+CξR(x, z)[ϕ(x, z)]2 + CmixFµν(x, z)[∂µϕ(x, z)][∂νϕ(x, z)]
}
+N
∫ zf
0
dz
∫
dDx
√
g(x, z)
{
q
2λj
gµν(x, z)
(
∂zaµ(x, z) +
1
εD
eaµ(x, z)tr
[
γa
{
γceλc (x, z)
(
∂λ − iqaλ(x, z)
− i
4
ωc
′d′
λ (x, z)σc′d′
)
Gxx′ [e
λ
a(x, z), aλ(x, z), ϕ(x, z)]
}
x′→x
γb
]
eκb (x, z)aκ(x, z)
)(
∂zaν(x, z)
+
1
εD
ewν (x, z)tr
[
γw
{
γgeηg(x, z)
(
∂η − iqaη(x, z)− i
4
ωg
′h′
η (x, z)σg′h′
)
Gxx′ [e
η
a(x, z), aη(x, z), ϕ(x, z)]
}
x′→x
γl
]
×eǫl (x, z)aǫ(x, z)
)
+
C
4
Fµν(x, z)F
µν(x, z)
}
+N
∫ zf
0
dz
∫
dDx
√
g(x, z)
{
− N
2λt
gµν(x, z)
(
∂ze
µ
a(x, z) +
1
εD
tr
[
γa
{
γceλc (x, z)
(
∂λ − iqaλ(x, z)
− i
4
ωc
′d′
λ (x, z)σc′d′
)
Gxx′ [e
λ
c (x, z), aλ(x, z), ϕ(x, z)]
}
x′→x
γb
]
eµb (x, z)
)(
∂ze
ν
a(x, z) +
1
εD
tr
[
γa
{
γgeηg(x, z)
(
∂η
−iqaη(x, z)− i
4
ωg
′h′
η (x, z)σg′h′
)
Gxx′ [e
η
g(x, z), aη(x, z), ϕ(x, z)]
}
x′→x
γl
]
eνl (x, z)
)
+
1
2κ
(
R(x, z)− 2Λ
)}
. (70)
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Compared to the IR effective action, there are Gaussian-fluctuation terms with z−derivatives for all dynamical
fields. In addition, the coefficients of Cϕ, Cξ, Cmix, C, κ, and Λ differ from those of Cfϕ, Cfξ , Cfmix, Cf , κf , and
Λf . To compensate these differences between coefficients, the IR boundary conditions given by the IR effective
action have to be supported by linear-in-z derivative terms of all dynamical fields at the IR boundary z = zf ,
which appear from the bulk effective action by the method of integration-by-parts [32, 33]. The UV effective
action is given by
SUV [ϕ(x, 0), aµ(x, 0), eµa(x, 0);ABµ(x)] = N
∫
dDx
√
g(x, 0)
{
1
2λχ
[ϕ(x, 0)]2
+
q
2λj
gµν(x, 0)[aµ(x, 0)−ABµ(x)][aν(x, 0)−ABν(x)] − N
2λt
gµν(x, 0)[e
µ
a(x, 0)− eµBa(x)][eνa(x, 0)− eνBa(x)]
}
,
(71)
which encodes initial values of all dynamical field variables, where the UV boundary conditions given by this UV
effective action have to be also supported by linear-in-z derivative terms at the UV boundary z = 0 resulting
from the bulk effective action. This concludes our derivation for an effective dual holographic Einstein-Maxwell
theory from the quantum field theory of interacting Dirac fermions.
We recall gDD = e
a
De
b
Dδab = 1, given by the globally uniform speed of coarse graining, i.e., α(x, z) = β(x, z) =
δ(x, z) = 1. We point out that there is an additional gauge choice, giving rise to gµD = e
a
µe
b
Dδab = 0 with
µ = 0, ..., D− 1 in this effective bulk action. This gauge freedom originates from the invariance of the partition
function with respect to D−dimensional diffeomorphism after the renormalization group transformation with
dz, which means that the partition function has to be independent regardless of spacetime dependent UV
cutoffs [20–22]. Furthermore, we have the gauge choice of aD(x, z) = 0 in the Maxwell dynamics. A fully
covariant formulation has been constructed in the absence of U(1) gauge fields, where D−dimensional Einstein-
Hilbert action is uplifted into (D + 1)−dimensional Einstein-Hilbert one via recursive renormalization group
transformations [20–22].
B. Prescription
The remaining task is to derive three types of coupled equations, referred to as effective Maxwell equations,
effective Klein-Gordon equations, and effective Einstein equations, performing variations of the bulk effective
action with respect to aµ(x, z), ϕ(x, z), and e
µ
a(x, z), respectively, and to solve them with both UV and IR
boundary conditions, all of which are derived from this effective action functional in the large N limit. Since
we believe that this task has to be performed in a separate publication, here we give our prescription based on
the holographic dual effective field theory discussed in this paper.
Considering how to obtain the effective hydrodynamics in the holographic duality conjecture [1–4], we consider
interacting Dirac fermions at finite temperatures, where an AdS black hole solution can arise [35, 36]. In
this respect we separate effective geometry into time and space components. In addition, we consider small
fluctuations of scalar fields, U(1) gauge fields, and vierbein fields, respectively, around their vacuum solution or
the free-energy minimizing solution. In other words, we consider
eτa(x, z) = e¯
τ
a(z) + δe
τ
a(x, z), e
i
a(x, z) = e¯
i
a(z) + δe
i
a(x, z),
aτ (x, z) = a¯τ (z) + δaτ (x, z), ai(x, z) = a¯i(z) + δai(x, z), ϕ(x, z) = ϕ¯(z) + δϕ(x, z), (72)
where the free-energy minimizing solution given by e¯τa(z), e¯
i
a(z), a¯τ (z), a¯i(z), and ϕ¯(z) with i = 1, ..., D − 1
has been assumed to be translationally invariant in spacetime. Within this ansatz, the Green’s function of the
high-energy Dirac spinor field is given by
Gxx′ [e¯
τ
a(z) + δe
τ
a(x, z), e¯
i
a(z) + δe
i
a(x, z), a¯τ (z) + δaτ (x, z), a¯i(z) + δai(x, z), ϕ¯(z) + δϕ(x, z)]
= G¯xx′ [e¯
τ
a(z), e¯
i
a(z), a¯τ (z), a¯i(z), ϕ¯(z)] + Gnxx′ [e¯τa(z), e¯ia(z), a¯τ (z), a¯i(z), ϕ¯(z)]δxn(x, z) (73)
with
δxn(x, z) = [δx1(x, z), δx2(x, z), δx3(x, z), δx4(x, z), δx5(x, z)] ≡ [δeτa(x, z), δeia(x, z), δaτ (x, z), δai(x, z), δϕ(x, z)],
23
which has been expanded up to the linear order in small fluctuations of all dynamical fields. Here, the mean-field
propagator is
{
γae¯τa(z)
(
∂τ − iqa¯τ (z)
)
+ γae¯ia(z)
(
∂i − iqa¯i(z)
)
+
m− iϕ¯(z)
ε
}
G¯xx′ [e¯
τ
a(z), e¯
i
a(z), a¯τ (z), a¯i(z), ϕ¯(z)]
=
1√
g¯(z)
δ(D)(x− x′). (74)
Introducing all these expressions into the effective action or the resulting coupled equations of motion and
keeping all terms up to the linear order in these small fluctuations, we find two separate equations, which
correspond to the mean-field equations at finite temperatures but with all-loop-order-resummed quantum cor-
rections and linearized coupled equations of small fluctuations, respectively. Here, the first question is whether
the non-perturbative mean-field equations at finite temperatures give an AdS black hole type solution above a
certain critical or threshold temperature. Suppose we have the black hole solution as an effective background
geometry. Then, the second question is whether the coupled linearized equations for small fluctuations of all
dynamical fields give rise to diffusive normal modes for transverse fluctuations [1–4]. Expressing such weak
perturbations of all dynamical fields in terms of external electromagnetic fields and temperature gradients, we
obtain an effective on-shell action in terms of such external source fields. Taking derivatives for the effective
on-shell action with respect to both external electromagnetic fields and temperature gradients, we find correla-
tion functions of electromagnetic U(1) currents and energy-momentum tensors, which correspond to electrical,
thermal, and thermoelectrical transport coefficients. This requires further investigations near future.
In this prescription, a key quantity which appears in all equations of motion for all dynamical fields is the
frequency-momentum integral of the Green’s function of high-energy Dirac fermions given by Eq. (74). It turns
out that there appear UV divergences in this frequency-momentum integral of the Green’s function when the
UV cutoff is set to be infinite. This is how the singularity arises at the coinciding point of the Green’s function
in the renormalization group flows of both U(1) gauge fields and effective vierbein tensor. However, we claim
that this UV divergence occurs just in the formal expression because the effective field theory of interacting
Dirac fermions has to be defined in a UV cutoff scale Λ. This UV cutoff scale is proportional to zf = fdz,
where the renormalization group transformation ends. We recall that f is the number of iteration steps of
recursive RG transformations and dz is the renormalization-group transformation scale. zf = fdz ∝ Λ implies
that complete integrations in the frequency-momentum space are performed in the f−th iteration step of the
renormalization group transformation. In this respect we introduce the UV cutoff proportional to zf directly
in the frequency-momentum integral of the Green’s function. As a result, such semiclassical solutions of all
dynamical fields depend on the UV cutoff in complicated ways, which has to be investigated more seriously.
IV. CONCLUSION
The holographic duality conjecture describes the holographic liquid in terms of both Maxwell and Einstein
coupled equations with an extra dimension. These coupled equations in the extra dimension may be regarded
to be a dual description for conserved U(1) currents and energy-momentum tensors in effective hydrodynamics,
where the disappearance of quasiparticles would be realized by strong renormalization effects along the extra
dimension. In this study, we tried to construct a microscopic foundation for this holographic-liquid phenomenol-
ogy.
We applied renormalization group transformations a la Polchinski in real space and in a recursive way a
la Sung-Sik Lee to interacting Dirac fermions in the presence of both background metric or vierbein and
external electromagnetic U(1) gauge fields. Besides detailed mathematical derivations, it turns out that both
external source fields minimally coupled to conserved currents are uplifted to be dynamical and are forced
to renormalization-group flow in the emergent extra-dimensional space. In other words, global symmetries of
quantum field theories turn into gauge symmetries through the renormalization group flows of the boundary
source fields in the extra dimensional space. As a result, we obtain an effective Einstein-Maxwell theory in (D+1)
spacetime dimensions from the quantum field theory of interacting Dirac fermions in D spacetime dimensions.
IR boundary conditions self-consistently determined within this effective field theory serve as renormalization
group β−functions for all types of interaction vertices including field renormalization.
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It is natural to expect that our microscopically derived Einstein-Maxwell theory would show the holographic-
liquid phenomenology. However, we point out that the renormalization group flows of all dynamical fields are
nonlinearly intertwined beyond the conventional holographic setup. In this respect it is necessary to look at
possible solutions more carefully and compare these results with recent experiments near future. In addition,
we emphasize that our derivation has not been performed in a covariant way. It is also important to develop a
covariant formulation in our opinion.
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